Given a coalgebra p for HG, an algebra s for GH and the obvious notion of morphism from coalgebra to algebra, we observe that morphisms from Gp to s correspond to morphisms from p to Hs in the manner of an adjunction even when there is no adjunction between G and H. This appears to be one of the basic phenomena underlying the transport of special algebras. A proof of Freyd's Iterated Square Theorem illustrates the interaction with Lambek's Lemma.
Introduction
Given an endofunctor F : C → C, it is now commonplace to consider the category AlgF of algebras and algebra morphisms for F or the category CoaF of coalgebras and coalgebra morphisms. In both cases, morphisms are given by maps that commute with 'operations' or 'co-operations' on objects of C. This note is concerned with the analogous notion of morphism from the objects of CoaF to the objects of AlgF.
Perhaps because the notion trivialises in the case of partial orders, such coalgebrato-algebra morphisms have been given little attention. They are, however, perfectly natural mathematical objects. Taylor's treatment of recursion views such morphisms as recursive maps and refers to algebra-initial coalgebras, the coalgebra-to-algebra analogue of initial algebras, as 'obeying the recursion scheme' [7, Section 6.3] . More abstractly, a coalgebra-to-algebra morphism for F : C → C can be viewed as an algebra forF :C →C, whereC is the category of twisted arrows Mac Lane describes in [6, Exercise IX.6.3]. Mathematically, our interest in coalgebra-to-algebra morphisms stems from Lemma 1. While it is known that adjunctions lift to categories of algebras and coalgebras for certain pairs of endofunctors including the pair given by the adjunction [4, Section 2.5], the Lemma gives a form of adjunction even if the underlying functors are not adjoint.
In Section 2 we observe that the natural structure on coalgebra-to-algebra morphisms is that of a profunctor. In Section 3 we prove a simple Lemma and explain the sense in which it gives an 'adjunction'. In Section 4, we show how the (object level) dinaturality of initial algebra delivery can be understood in terms of the (object level) dinaturality of algebra-initial coalgebra delivery which follows directly from the Lemma. In Section 5, Freyd's diagram chase proof of the Iterated Square Theorem is reconstructed in terms of coalgebra-to-algebra morphisms.
The Profunctor of Coalgebra-to-Algebra Morphisms
Let F be an endofunctor on some category.
Definition 1
Given a coalgebra p for F and an algebra s for F, a coalgebra-to-algebra morphism from p to s is given by a map f such that s
Coalgebra-to-algebra morphisms do not form a category. As coalgebras are distinct from algebras, we have no composable pairs on which to define composition. However, coalgebra-to-algebra morphisms do compose in the usual way with coalgebra morphisms on the one side and with algebra morphisms on the other.
This gives a bimodular action
where (p, s) is the set of coalgebra-to-algebra morphisms from p to s, and this action extends the mapping (p, s) → (p, s) to a set-valued functor on CoaF op × AlgF. In other words, coalgebra-to-algebra morphisms form a profunctor. We use Borceux's notation for profunctors [1, Section 7.8] which makes life easier at the 2-categorical level and which, contrary to common usage, considers a functor B op × A → Set as giving a profunctor to B from A. The functor therefore gives a profunctor to CoaF from AlgF.
Both CoaF and AlgF include the category InvF of F invariants (which has mutually inverse coalgebra-algebra pairs for objects and coalgebra/algebra morphisms for arrows). When the profunctor , is restricted to InvF, it coincides with the identity profunctor on InvF (given by hom sets). Both the identity on InvF and lie over the identity profunctor on C.
Basic Lemma
Suppose we have a functor G : B → A that we compose with functors H : A → B to obtain pairs of endofunctors GH and HG.
The functor G lifts to (co)algebras: it carries (co)algebras for HG to (co)algebras for GH and carries (co)algebra morphisms for HG to (co)algebra morphisms for GH. The functors H lift in the same way, taking (co)algebras for GH to (co)algebras for HG. 
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With respect to coalgebra-to-algebra morphisms, we obtain something of an adjunction (whether or not G and H are adjoint). 
Likewise by applying H to the diagram for h, we see that g = Hh • p is a coalgebrato-algebra morphism from p to Hs. , a) by B(b, Ha) .
Such an isomorphism might be called a pro-adjunction: Instead of a natural bijection between elements of hom sets, we have a natural bijection between elements of profunctor sets. Ordinary adjunctions correspond to the special case of a pro-adjunction between identity profunctors.
Proposition 1 G is left adjoint to H if and only if G * is isomorphic to H * in the bicategory Pro of profunctors.
This is a direct consequence of the definitions of (·) * and (·) * , but also follows from 2-categorical properties of the inclusion (·) * : Cat → Pro (Propositions 7.8.5 and 7.9.1 in Borceux [1] ).
If the isomorphism α is restricted to the categories InvGH and InvHG of GH and HG invariants, we obtain an isomorphism directly between G * and H * and hence an adjunction G H : InvGH → InvHG.
Preservation of Algebra-initial Coalgebras
If we swap G and H in Lemma 1 and restrict again to invariants, we obtain a second adjunction H G : InvHG → InvGH. Now the unit and counit of this adjunction are inverse to the counit and unit of the adjunction G H (the unit of H G at (p, p −1 ) is p while the counit of G H at the same invariant is p −1 ) so the functors G and H lift to form an equivalence between InvGH and InvHG. Freyd appeals to this equivalence for a direct proof that G preserves initial invariants [3, Section 5].
Proposition 2 The functor G takes initial invariants for HG to initial invariants for GH.
Note however that Proposition 2 is really a direct consequence of Lemma 1 and can be viewed as a special case of a more general result.
Definition 2 A coalgebra π is algebra-initial if for every algebra s there exists a unique coalgebra-to-algebra morphism r from π to s.
Note that algebra-initial coalgebras, unlike initial algebras, are not determined up to isomorphism. The following is now immediate from Lemma 1.
Corollary 1 The functor G takes algebra-initial coalgebras for HG to algebra-initial coalgebras for GH.
Proposition 2 is the basis of a categorical generalization of the dinaturality of the least fixed point operator: If φ A and φ B are functors giving (the carriers of) initial invariants for categories of endofunctors on A and B, then, because initial objects are unique up to coherent isomorphism, we get a natural isomorphism from the functor
to the functor φ A • (A, G). This is the dinaturality hexagon for φ A and φ B .
Algebra-initial coalgebras, however, are not unique up to coherent isomorphism. The provision of algebra-initial coalgebra structure on the object part of a functor from (A, A) to A does not fix the arrow part of the functor. Similarly, even if φ A and φ B have been chosen to give (the carriers of) algebra-initial coalgebras, the fact that Gφ B (HG) carries algebra-initial coalgebra structure, does not fix a comparison with φ A (GH).
The uniqueness of the coalgebra-to-algebra morphism into algebras requires a coherent choice of arrows and a coherent choice of comparisons, but then ensures that these choices will be mutually coherent (when tested with coalgebra-to-algebra morphisms). Corollary 1 only ensures that dinaturality of algebra-initial coalgebra delivery cannot fail at the object level.
Freyd's Iterated Square and Lambek's Lemma
A weak form of Freyd's Iterated Square (Theorem 1 below) holds for algebra-initial coalgebras.
Proposition 3 If an algebra-initial coalgebra π for T T is of the form T τ • τ, then τ is an algebra-initial coalgebra for T .
Proof. Suppose T τ • τ is an algebra-initial coalgebra for T T and s is an algebra for T . QED. This proof sits inside the proof of the Iterated Square Theorem given in [2] . The following proposition provides a sufficient condition for the premise.
Proposition 4
If an algebra-initial coalgebra π for T T has an inverse, then π is of the form T τ • τ where τ has an inverse.
